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MICROLOCAL ANALYSIS IN GENERALIZED FUNCTION ALGEBRAS
BASED ON GENERALIZED POINTS AND GENERALIZED
DIRECTIONS
HANS VERNAEVE
Abstract. We develop a refined theory of microlocal analysis in the algebra G(Ω) of
Colombeau generalized functions. In our approach, the wave front is a set of generalized
points in the cotangent bundle of Ω, whereas in the theory developed so far, it is a set of
nongeneralized points. We also show consistency between both approaches.
1. Introduction
Differential algebras of generalized functions containing the space of Schwartz distributions
have been constructed starting with the work of J.F. Colombeau [1, 2]. The theory has
found diverse applications in the study of partial differential equations [8, 9, 11], providing
a framework in which nonlinear equations and equations with strongly singular data or
coefficients can be solved and in which their regularity can be analyzed.
The natural extension of microlocal analysis of Schwartz distributions to the Colombeau
generalized function algebras is the so-called G∞-microlocal analysis, which has been de-
veloped using the concept of G∞-regularity [3]. In this setting, the G∞-wave front set has
been defined as a set of (nongeneralized) points in the cotangent bundle of the domain of
the generalized function [7, 10]. On the other hand, generalized functions in these algebras
can be viewed as pointwise functions on the so-called generalized points of their domain.
Moreover, since equations with strongly singular data or coefficients in Colombeau algebras
are modeled by regularization, the corresponding differential operators themselves become
generalized operators [9]. Hence it is to be expected that the most suitable setting to study
the propagation of singularities under such operators is by means of generalized objects
(generalized characteristic varieties, etc.). From this point of view, a natural refinement of
G∞-microlocal analysis is to define also the wave front set as a set of generalized points in
the cotangent bundle of Ω.
In this paper, we start the development of this refinement of G∞-microlocal analysis, which
we call G˜∞-microlocal analysis. This also allows us to look at smaller (generalized) neigh-
bourhoods than in the classical theory. We were unable to develop the theory on the very
fine scale of the so-called sharp neighbourhoods (both for points in the domain and for
directions in the Fourier domain), but the theory works well if we confine ourselves to the
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so-called slow scale neighbourhoods (see below). We show that the projection of the wave
front set in the first coordinate is the G˜∞-singular support (Theorem 4.5) and we charac-
terize G∞-microlocal regularity (at nongeneralized points and in nongeneralized directions)
in terms of G˜∞-microlocal regularity (Theorem 5.3).
2. Preliminaries
Let Ω ⊆ Rd be open. We denote the (so-called special) Colombeau algebra on Ω by G(Ω),
the set of compactly supported points in Ω by Ω˜c and the ring of Colombeau generalized
real (resp. complex) numbers by R˜ (resp. C˜). We denote by [uε] ∈ G(Ω) (resp. [xε] ∈ R˜d)
the element with representative (uε)ε (resp. (xε)ε). Such u = [uε] ∈ G(Ω) be identified with
the map Ω˜c → C˜
u([xε]) := [uε(xε)].
We refer to [5, §1.2] for definitions and further properties. We further denote
ρ := [ε] ∈ R˜, S := {x ∈ Rd : |x| = 1}, S˜ := {x ∈ R˜d : |x| = 1},
R>0 := {x ∈ R : x > 0}, R˜>0 := {x ∈ R˜ : x ≥ 0, x invertible},
[xε] ≈ 0 ⇐⇒ xε → 0 as ε→ 0.
We call x ∈ R˜d fast scale if x belongs to
R˜dfs := {x ∈ R˜d : (∃a ∈ R>0)(|x| ≥ ρ−a)}
and we call x slow scale if x belongs to
R˜dss := {x ∈ R˜d : (∀a ∈ R>0)(|x| ≤ ρ−a)}.
Due to the fact that the order on R˜ is not total, R˜dfs ∪ R˜dss ( R˜d.
We call x ∈ R˜d a slow scale infinitesimal (notation: x ≈slow 0) if x ≈ 0 and 1|x| is slow scale,
i.e., if
ρa ≤ |x| ≤ a, ∀a ∈ R>0
and we call x a fast scale infinitesimal (notation: x ≈fast 0) if
|x| ≤ ρa, for some a ∈ R>0.
The net (xε)ε corresponding to a fast scale (resp. slow scale) infinitesimal is said to tend
slow scale (resp. fast scale) to 0. A fast-scale infinitesimal (and the corresponding net) is
also sometimes called ‘strongly associated with 0’. We write x ≈fast y or x ∈ µfast(y) (resp.
x ≈slow y or x ∈ µslow (y)) for x− y ≈fast 0 (resp. x− y ≈slow 0).
We call a slow scale neighbourhood of x0 ∈ R˜d any set that contains {x ∈ R˜d : |x− x0| ≤ r}
for some r ≈slow 0 (r ∈ R˜>0). A conic slow scale neighbourhood of ξ0 ∈ S˜ is a cone Γ ⊆ R˜d
with vertex 0 that contains a slow scale neighbourhood of ξ0 (i.e., there exists some r ≈slow 0
(r ∈ R˜>0) such that
∣∣ ξ
|ξ| − ξ0
∣∣ ≤ r ⇒ ξ ∈ Γ). We write Γfast(ξ0) := {ξ ∈ R˜d : ξ|ξ| ≈fast ξ0}.
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In [7, 10], u = [uε] ∈ G(Ω) is called G∞-microlocally regular at (x0, ξ0) ∈ Ω × S if there
exist φ ∈ D(Ω) with φ(x0) = 1, a (nongeneralized) conic neighbourhood Γ of ξ0 and N ∈ N
such that for all m ∈ N
(1) sup
ξ∈Γ
〈ξ〉m∣∣φ̂uε(ξ)∣∣ ≤ ε−N , for small ε.
3. G˜∞-microlocal regularity
Definition 3.1. u ∈ G(Ω) is G˜∞-microlocally regular at (x0, ξ0) ∈ Ω˜c × S˜ if there exists
v ∈ Gc(Ω) such that
u(x) = v(x), ∀x ≈fast x0 and v̂(ξ) = 0, ∀ξ ∈ R˜dfs ∩ Γfast(ξ0).
Remark 3.2. v ∈ Gc(Ω) ⊆ GS (Rd), hence its Fourier transform v̂ ∈ GS (Rd). If v = [vε],
then v̂ = [v̂ε] with (v̂ε)ε ∈ ES if (vε)ε ∈ ES (here, we denote GS (Rd) := ES /NS ) [4, Def.
2.10].
We can equivalently reformulate the conditions in Def. 3.1 (some of the reformulations
resemble the classical definitions more closely). The proof relies on the overspill principle
[12] (however, the proof below is self-contained).
Lemma 3.3. For u = [uε], v = [vε] ∈ G(Ω) and x0 = [x0,ε] ∈ Ω˜c, the following are
equivalent:
(1) there exists a slow scale nbd. V (in Ω˜c) of x0 such that u(x) = v(x), ∀x ∈ V
(2) u(x) = v(x), ∀x ≈fast x0
(3) for each m ∈ N
sup
|x−x0,ε|≤ε1/m
|uε(x)− vε(x)| ≤ εm, for small ε.
Proof. (1)⇒ (2): clear.
(2) ⇒ (3): assuming that (3) does not hold, we find m ∈ N and a decreasing sequence
(εn)n tending to 0 such that for each n there exists xεn ∈ Rd with |xεn − x0,εn| ≤ ε1/mn and
|uεn(x)− vεn(x)| > εmn . We can extend these xεn to a net (xε)ε such that, with x := [xε],
|x− x0| ≤ ρ1/m, but u(x) 6= v(x).
(3) ⇒ (1): for any m ∈ N, let the condition in (4) hold for ε ≤ εm. W.l.o.g., (εm)m
decreasingly tends to 0. Let mε := m for each ε ∈ (εm+1, εm]. Then mε → +∞ als ε→ 0,
and for small ε, we have that |uε(xε)− vε(xε)| ≤ εmε as soon as |xε − x0,ε| ≤ ε1/mε . Hence
u(x) = v(x) for each x ∈ V := {x ∈ R˜d : |x− x0| ≤ r}, with r := [ε1/mε ] ≈slow 0. 
Lemma 3.4. For v = [vε] ∈ Gc(Ω) and ξ0 = [ξ0,ε] ∈ S˜, the following are equivalent:
(1) there exists a conic slow scale nbd. Γ (in R˜d) of ξ0 and r ∈ R˜ss s.t. v̂(ξ) = 0, ∀ξ ∈ Γ
with |ξ| ≥ r
(2) v̂(ξ) = 0, ∀ξ ∈ R˜dfs ∩ Γfast(ξ0)
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(3) (assuming (vε)ε ∈ ES ) for each m ∈ N,
sup
| ξ|ξ|−ξ0,ε|≤ε1/m, |ξ|≥ε−1/m
|v̂ε(ξ)| ≤ εm, for small ε
(4) (assuming (vε)ε ∈ ES ) there exists N ∈ N such that for each m ∈ N,
sup
| ξ|ξ|−ξ0,ε|≤ε1/m
〈ξ〉m |v̂ε(ξ)| ≤ ε−N , for small ε.
Proof. (1)⇒ (2)⇒ (3)⇒ (1), (2)⇒ (4): similar to Lemma 3.3. Since (v̂ε)ε ∈ ES , we find
for each n,m ∈ N some N ∈ N such that
sup
|ξ|≥ε−N
〈ξ〉m |v̂ε(ξ)| ≤ εn.
This ensures that the nets (ξε)ε constructed in the (2) ⇒ (3) and (2) ⇒ (4) parts of the
proof are moderate.
(4)⇒ (3): straightforward (cf. also [13, Thm. 3.12]). 
We denote Gss(R˜d) = {u ∈ GS (Rd) : u(x) = 0 for each x ∈ R˜dfs}.
Proposition 3.5. Let v ∈ Gc(Ω), φ ∈ G∞(Ω) and ξ0 ∈ S˜. Let v̂(ξ) = 0 for each ξ ∈
R˜dfs ∩ Γfast(ξ0). Then also φ̂v(ξ) = 0 for each ξ ∈ R˜dfs ∩ Γfast(ξ0).
Proof. W.l.o.g., φ ∈ G∞c (Ω). Fix ξ ∈ R˜dfs ∩ Γfast(ξ0). Then
φ̂v(ξ) =
∫
φ̂(η)v̂(ξ − η) dη.
Since Gss(R˜d) ∩ Ĝss(R˜d) = G∞S (R˜d) [13, Thm. 3.13], we have φ̂ ∈ Ĝ∞c (Ω) ⊆ Ĝ∞S ⊆ Gss(R˜d).
Now let η ∈ R˜dss. Then also ξ − η ∈ R˜dfs. Since |η||ξ| ≈fast 0,
ξ − η
|ξ − η| ≈fast
ξ − η
|ξ| ≈fast
ξ
|ξ| ≈fast ξ0.
Hence v̂(ξ − η) = 0.
Therefore, η 7→ φ̂(η)v̂(ξ − η) = 0 in GS [13, Lemma 4.1]. Thus φ̂v(ξ) = 0. 
Corollary 3.6. Let φ ∈ G∞(Ω). If u ∈ G(Ω) is G˜∞-microlocally regular at (x0, ξ0), then
also φu is G˜∞-microlocally regular at (x0, ξ0).
Let B(a, r) := {x ∈ Rd : |x− a| < r}. We use the following notation. Let a net (x0,ε)ε be
given. We fix φ0 ∈ D(B(0, 1)) with 0 ≤ φ0 ≤ 1 and with φ0(x) = 1 for each x ∈ B(0, 1/2).
For m ∈ N and ε > 0, we denote
φm,ε(x) := φ0
(x− x0,ε
ε1/m
)
.
Corollary 3.7. For u ∈ G(Ω) and (x0, ξ0) ∈ Ω˜c × S˜, the following are equivalent:
(1) u is G˜∞-microlocally regular at (x0, ξ0)
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(2) there exists φ ∈ G∞c (Ω) such that
φ(x) = 1, ∀x ≈fast x0 and φ̂u(ξ) = 0, ∀ξ ∈ R˜dfs ∩ Γfast(ξ0)
(3) there exists φ ∈ G∞c (Ω) and R ∈ R˜ss such that{
|∂αφ(x)| ≤ R
|φ(x)| ≥ 1
R
,
∀x ≈fast x0, ∀α ∈ Nd and φ̂u(ξ) = 0, ∀ξ ∈ R˜dfs ∩ Γfast(ξ0).
Proof. (1)⇒ (2): choose v as in the definition of G˜∞-microlocal regularity. By character-
ization (1) in Lemma 3.3, we can find φ ∈ G∞c (Ω) with φ(x) = 1 for each x ≈fast x0 and
with φu = φv. By Proposition 3.5, φ̂u(ξ) = φ̂v(ξ) = 0 for each ξ ∈ R˜dfs ∩ Γfast(ξ0).
(2)⇒ (3): trivial.
(3) ⇒ (1): by an overspill argument, actually |∂αφ(x)| ≤ R and |φ(x)| ≥ 1/R hold on
some slow scale neighbourhood V = {x ∈ R˜d : |x| ≤ [ε1/mε ]} (with mε → +∞). Then
ψ := [φmε,ε] ∈ G∞c (Ω) with ψ(x) = 1 for each x ≈fast x0 and ψφ ∈ G∞c (Ω), whence ψ̂u(ξ) =
ψ̂
φ
φu(ξ) = 0 for each ξ ∈ R˜dfs ∩ Γfast(ξ0) by Proposition 3.5. Then let v := ψu ∈ Gc(Ω). 
4. Consistency with G˜∞-regularity
We now proceed to show that the projection of the wave front set in the first coordinate
is the singular support (Theorem 4.5).
Lemma 4.1. Let x0 = [x0,ε] ∈ Ω˜c and Γ ⊆ Rd a (nongeneralized) cone. Let u = [uε] ∈ G(Ω)
be G˜∞-microlocally regular at (x0, ξ0), for each ξ0 ∈ S˜ ∩ Γ˜. Then for each m ∈ N
(2)
(∃εm)(∀ε ≤ εm)(∀ξ0 ∈ S ∩ Γ)(∃k ∈ N, k ≥ 2m)
(
sup
| ξ|ξ|−ξ0|≤ε1/m, |ξ|≥ε−1/m
∣∣φ̂k,εuε(ξ)∣∣ ≤ εm).
Proof. Let m ∈ N. If (2) does not hold, then we find a decreasing sequence (εn)n tending
to 0 and ξ0,εn ∈ S ∩ Γ such that for each k ≥ 2m
sup
| ξ|ξ|−ξ0,εn |≤ε1/m, |ξ|≥ε−1/m
|φ̂k,εnuεn(ξ)| > εmn .
Extend ξ0,εn to a net (ξ0,ε)ε representing ξ0 ∈ S˜ ∩ Γ˜. As u is G˜∞-microlocally regular at
(x0, ξ0), there exists v ∈ Gc(Ω) such that u = v on a slow scale neighbourhood V of x0 and
v̂(ξ) = 0 for each ξ ∈ R˜dfs in a conic slow scale neighbourhood of ξ0. As in Corollary 3.7,
this also holds if we replace v by φu, where φ = [φkε,ε], provided that kε → ∞ as ε → 0
(ensuring that φ ∈ G∞(Rd) and φ = 1 on a slow scale neighbourhood of x0) and provided
that {x ∈ R˜d : |x− x0| ≤ [ε1/kε ]} ⊆ V (ensuring that φu = φv). W.l.o.g., kε ≥ 2m for each
ε.
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Thus for each n, we find ξεn such that
∣∣ ξεn
|ξεn |−ξ0,εn
∣∣ ≤ ε1/mn , |ξεn| ≥ ε−1/mn and | ̂φkεn ,εnuεn(ξεn)| >
εmn . Extending ξεn to a net (ξε)ε representing ξ ∈ R˜dfs with
∣∣ ξ
|ξ| − ξ0
∣∣ ≤ ρ1/m (moderateness
of (ξε)ε necessarily follows from (φ̂kε,εuε)ε ∈ ES ), we have φ̂u(ξ) 6= 0, a contradiction. 
The following lemma is an easy generalization of [6, Lemma 8.1.1]:
Lemma 4.2. Let ξ0 ∈ S˜, r ∈ R˜>0, r ≤ 1/2 and Γ = {ξ ∈ R˜d :
∣∣ ξ
|ξ| − ξ0
∣∣ ≤ 3r}. Then for
each ζ ∈ Γ′ = {ξ ∈ R˜d : ∣∣ ξ|ξ| − ξ0∣∣ ≤ r} and for each η ∈ R˜d with |ζ − η| ≤ r |ζ |, we have
η ∈ Γ.
Proof. Since |η| ≥ |ζ | − |ζ − η| ≥ 1
2
|ζ |, also |η| is invertible. Then∣∣∣∣ η|η| − ξ0
∣∣∣∣ ≤ ∣∣∣∣ η|η| − η|ζ |
∣∣∣∣ + ∣∣∣∣ η|ζ | − ζ|ζ |
∣∣∣∣ + ∣∣∣∣ ζ|ζ | − ξ0
∣∣∣∣ ≤ 3r.

Lemma 4.3. Let x0 = [x0,ε] ∈ Ω˜c and Γ ⊆ Rd a (nongeneralized) cone. Let u = [uε] ∈ G(Ω)
be G˜∞-microlocally regular at (x0, ξ0), for each ξ0 ∈ S˜ ∩ Γ˜. Then for each m ∈ N
(3) (∃εm)(∀ε ≤ εm)(∀ζ ∈ Γ, |ζ | ≥ ε−2/m)
(∣∣φ̂2m,εuε(ζ)∣∣ ≤ εm−1).
Proof. Letm ∈ N and ε sufficiently small (such that (2) holds). Let ζ ∈ Γ with |ζ | ≥ ε−2/m.
Then ξ0 := ζ/ |ζ | ∈ S ∩ Γ. Denote vk,ε := φk,εuε. Then there exists k ≥ 2m such that∣∣v̂k,ε(ξ)∣∣ ≤ εm for each ξ ∈ Rd with |ξ| ≥ ε−1/m and ∣∣ ξ|ξ| − ξ0∣∣ ≤ ε1/m. If k > 2m, then we
have φ2m,ε = φ2m,εφk,ε as soon as ε is sufficiently small (only depending on m, e.g. as soon
as 1
2
ε1/(2m+1) ≥ ε1/(2m)). Hence also v2m,ε = φ2m,εvk,ε, and
v̂2m,ε(ζ) =
∫
Rd
φ̂2m,ε(ζ − η)v̂k,ε(η) dη.
Let A := {η ∈ Rd : |ζ − η| ≤ ε1/m|ζ|
3
}. By Lemma 4.2, ∣∣v̂k,ε(η)∣∣ ≤ εm for each η ∈ A, hence∣∣∣∣∫
A
φ̂2m,ε(ζ − η)v̂k,ε(η) dη
∣∣∣∣ ≤ εm∥∥φ̂2m,ε∥∥L1(Rd) = εm∥∥φ̂0∥∥L1(Rd) =: Cεm.
Further, û ∈ GS (Rd), hence ‖ûε‖L1 ≤ ε−N for some N ∈ N. Also φ̂0 ∈ S (Rd), hence∣∣φ̂0(ξ)∣∣ ≤ Cm〈ξ〉−2m(m+N) for each ξ ∈ Rd. Thus for η ∈ Rd \ A, |ζ − η| ≥ ε1/m |ζ | /3 ≥
ε−1/m/3 and∣∣φ̂2m,ε(ζ − η)∣∣ = εd/(2m)∣∣φ̂0(ε1/(2m)(ζ − η))∣∣ ≤ Cm(ε−1/(2m)/3)−2m(m+N) = C ′mεm+N ,
and thus∣∣∣∣∫
Rd\A
φ̂2m,ε(ζ − η)v̂k,ε(η) dη
∣∣∣∣ ≤ C ′mεm+N ‖v̂k,ε‖L1 ≤ C ′mεm+N∥∥φ̂k,ε∥∥L1 ‖ûε‖L1 ≤ C ′′mεm,
since
∥∥φ̂k,ε∥∥L1 = ∥∥φ̂0∥∥L1 . 
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In [3], several notions of pointwise regularity for elements of G(Ω) were considered. By
[13, Cor. 5.5], it follows that one of them is more fundamental, in the sense that the other
notions can be described in terms of it. We therefore restrict to this notion only, slightly
simplifying the notations (it was called ˙˜G∞-regularity in [3, 13]):
Definition 4.4. Let u ∈ G(Ω). Let x ∈ Ω˜c. Then u ∈ G˜∞(x) if there exists N ∈ N
(independent of α) such that
|∂αu(x)| ≤ ρ−N , ∀α ∈ Nd.
Let A ⊆ R˜d. Then u ∈ G˜∞(A) if u ∈ G˜∞(x) for each x ∈ A.
Theorem 4.5. Let x0 ∈ Ω˜c. For u ∈ G(Ω), the following are equivalent:
(1) u is G˜∞-microlocally regular at (x0, ξ0), for each ξ0 ∈ S˜
(2) u ∈ G˜∞(V ) for some slow scale neighbourhood V of x0.
Proof. (1) ⇒ (2): Let εm be as in Lemma 4.3 with Γ = Rd. W.l.o.g., (εm)m decreasingly
tends to 0. Letmε := m for each ε ∈ (εm+1, εm]. Thenmε → +∞ als ε→ 0, and for small ε,
we have that
∣∣φ̂mε,εuε(ζ)∣∣ ≤ εmε−N−1 as soon as |ζ | ≥ ε−2/mε . We conclude that φ̂u(ξ) = 0
for each ξ ∈ R˜dfs and for φ := [φmε,ε] ∈ G∞c (Rd). Hence φu ∈ Ĝss(Rd) ∩ Gc(Ω) ⊆ G∞c (Ω).
Since φ = 1 on a slow scale neighbourhood V of x0, we have that u ∈ G˜∞(V ).
(2)⇒ (1): there exists φ ∈ G∞c (Ω) with φ = 1 on a slow scale neighbourhood of x0 and with
φu ∈ G∞c (Rd) (e.g., φ = [φmε,ε] for a suitable mε → ∞). Since φu ∈ G∞S (Rd) ⊆ Ĝss(Rd),
φ̂u(ξ) = 0 for each ξ ∈ R˜dfs. 
Again, we can equivalently reformulate the condition in the previous theorem:
Proposition 4.6. For u ∈ G(Ω), the following are equivalent:
(1) u ∈ G˜∞(V ) for some slow scale neighbourhood of V of x0
(2) (∃N ∈ N) (∀α ∈ Nd) (∀x ∈ R˜d, x ≈fast x0) (|∂αu(x)| ≤ ρ−N )
(3) (∃N ∈ N) (∀m ∈ N) (∀α ∈ Nd)
sup
|x−x0,ε|≤ε1/m
|∂αuε(x)| ≤ ε−N , for small ε.
Proof. (1)⇒ (2): there exist nε →∞ (as ε→ 0) such that the internal set [12] {x ∈ R˜d :
|x− x0| ≤ [ε1/nε]} = [{x ∈ Rd : |x− x0,ε| ≤ ε1/nε}] ⊆ V . The result follows by [13, Prop.
5.3].
(2) ⇒ (3): let N ∈ N as in (2). Assuming that (3) does not hold, we find some m ∈ N,
some α ∈ Nd, some decreasing sequence (εn)n tending to 0 and some xεn ∈ Rd with
|xεn − x0,εn | ≤ ε1/mn and |∂αuεn(xεn)| > ε−N−1n , for each n. Extending the sequence (xεn)n
to a net (xε)ε, we obtain x = [xε] ∈ R˜d with |x− x0| ≤ ρ1/m and |∂αu(x)| 6≤ ρ−N ,
contradicting (2).
(3)⇒ (1): for each m ∈ N, there exists εm > 0 such that
sup
|α|≤m, |x−x0,ε|≤ε1/m
|∂αuε(x)| ≤ ε−N , ∀ε ≤ εm.
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W.l.o.g., (εm)m decreasingly tends to 0. Let mε := m for each ε ∈ (εm+1, εm]. Then
mε → +∞ als ε→ 0, and for small ε, we have that sup|α|≤mε, |x−x0,ε|≤ε1/mε |∂αuε(x)| ≤ ε−N .
Then u ∈ G˜∞(V ) for V := {x ∈ R˜d : |x− x0| ≤ [ε1/mε ]}. 
This should be distinguished from u ∈ G˜∞(µfast(x0)), which is (again by [13, Prop. 5.3])
equivalent with (∀m ∈ N) (∃N ∈ N) (∀α ∈ Nd)
sup
|x−x0,ε|≤ε1/m
|∂αuε(x)| ≤ ε−N , for small ε.
5. Consistency with G∞-microlocal regularity
We first give some pointwise characterizations of G∞-microlocal regularity:
Lemma 5.1. For v = [vε] ∈ Gc(Ω) and Γ ⊆ Rd a (nongeneralized) cone, the following are
equivalent:
(1) v̂(ξ) = 0, ∀ξ ∈ Γ˜ ∩ R˜dfs item (assuming (vε)ε ∈ ES ) for each m ∈ N,
sup
ξ∈Γ, |ξ|≥ε−1/m
|v̂ε(ξ)| ≤ εm, for small ε
(2) (assuming (vε)ε ∈ ES ) there exists N ∈ N such that for each m ∈ N,
sup
ξ∈Γ
〈ξ〉m |v̂ε(ξ)| ≤ ε−N , for small ε.
Proof. Similar to Lemma 3.4 (cf. also [13, Thm. 3.12]). 
Lemma 5.2. Let u ∈ G(Ω). Then the following are equivalent:
(1) u is G∞-microlocally regular at (x0, ξ0) ∈ Ω× S
(2) there exist φ ∈ D(Ω) with φ(x0) = 1 and a conic neighbourhood Γ of ξ0 s.t.
φ̂u(ξ) = 0, ∀ξ ∈ Γ˜ ∩ R˜dfs.
(3) there exist φ ∈ G∞c (Ω), a (nongeneralized) neighbourhood V of x0, a conic neigh-
bourhood Γ of ξ0 and R ∈ R˜ss s.t.{
|∂αφ(x)| ≤ R
|φ(x)| ≥ 1
R
,
∀x ∈ V˜ , ∀α ∈ Nd and φ̂u(ξ) = 0, ∀ξ ∈ Γ˜ ∩ R˜dfs.
Proof. (1)⇔ (2): by Lemma 5.1.
(2)⇒ (3): any φ ∈ D(Ω) with φ(x0) = 1 satisfies the requirements of φ in (3).
(3)⇒ (2): choose ψ ∈ D(V ) with ψ(x0) = 1. As in Corollary 3.7, ψφ ∈ G∞c (Ω) and we can
find a conic neighbourhood Γ′ ⊂ Γ of x0 s.t. ψ̂u(ξ) = 0 for each ξ ∈ Γ˜′∩ R˜dfs by Proposition
3.5. 
Theorem 5.3. Let u ∈ G(Ω). Then u is G∞-microlocally regular at (x0, ξ0) ∈ Ω × S iff
there exists r ∈ R>0 such that u is G˜∞-microlocally regular at (x, ξ) for each x ∈ R˜d with
|x− x0| ≤ r and each ξ ∈ S˜ with |ξ − ξ0| ≤ r.
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Proof. ⇒: by Corollary 3.7 and Lemma 5.2.
⇐: Let V := B(0, r) and Γ := {ξ ∈ Rd \ {0} : ∣∣ ξ|ξ| − ξ0∣∣ < r}. Let m ∈ N. Let as before
φm,ε(x) := φ0
(
x−x0
ε1/m
)
(now with the given x0 ∈ Ω). Denote the translation τy(x) := y + x.
Then (3) holds even with τx(φ2m,ε) instead of φ2m,ε, for each x ∈ V˜ . This implies that
(∃εm)(∀ε ≤ εm)(∀x ∈ V )(∀ξ ∈ Γ, |ξ| ≥ ε−2/m)
(∣∣F [τx(φ2m,ε)uε](ξ)∣∣ ≤ εm−1),
since otherwise, one constructs x = [xε] ∈ V˜ contradicting (3) for this particular x.
W.l.o.g., (εm)m decreasingly tends to 0. Let mε := m for each ε ∈ (εm+1, εm]. Then
mε → +∞ als ε→ 0, and for small ε, we have that
(∀x ∈ V )(∀ξ ∈ Γ, |ξ| ≥ ε−2/mε)(∣∣F [τx(φ2mε,ε)uε](ξ)∣∣ ≤ εmε−1).
Now consider a grid
Gε :=
{
ε1/(2mε)√
d
(k1, . . . , kd) : kj ∈ Z, |kj | < rε−1/(2mε) (j = 1, . . . , d)
}
.
Then Gε contains at most (2rε
−1/(2mε) + 1)d ≤ 2(2r)dε−d/(2mε) elements, for small ε. Let
ψε :=
∑
y∈Gε τy(φ2mε,ε). As Gε ⊆ V ,
∣∣ψ̂εuε(ξ)∣∣ ≤ 2(2r)dεmε−1−d/(2mε) for each ξ ∈ Γ with
|ξ| ≥ ε−2/mε , for small ε.
Now let x ∈ W := {x ∈ Rd : max{|x1| , . . . , |xd|} < r/
√
d} arbitrary. Then there exists y ∈
Gε such that |xj − yj| < ε1/(2mε)2√d (j = 1, . . . , d), hence ψε(x0+x) ≥ τ−y(φ2mε,ε)(x0+x) = 1.
On the other hand, there is only at most a finite number Cd (only depending on d) of
elements y ∈ Gε for which |x− y| ≤ ε1/(2mε). Hence for each α ∈ Nd,
|∂αψε(x0 + x)| ≤ Cd sup
y∈V
|∂αφ2mε,ε(y)| ≤ Cd,αε−|α|/(2mε)
Hence ψ := [ψε] ∈ G∞c (Ω), ψ̂u(ξ) = 0 for each ξ ∈ R˜dfs ∩ Γ˜, and there exists c ≈slow 0 such
that |∂αψ(x)| ≤ 1/c and |ψ(x)| ≥ c for each x ∈ (τx0(W ))∼ and α ∈ Nd. The result follows
by Lemma 5.2. 
We denote by ι(u) ∈ G(Ω) the embedded image of u ∈ D′(Ω).
Corollary 5.4. Let u ∈ D′(Ω) and (x0, ξ0) ∈ Ω × S. Then (x0, ξ0) ∈ WF (u) iff for each
r ∈ R>0, there exist x ∈ R˜d with |x− x0| ≤ r and ξ ∈ S˜ with |ξ − ξ0| ≤ r such that ι(u) is
not G˜∞-microlocally regular at (x, ξ).
Proof. By [10], (x0, ξ0) ∈ WF (u) iff ι(u) is not G∞-microlocally regular at (x0, ξ0). The
result follows by Proposition 5.3. 
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